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Casimir Interaction Between Two Concentric Cylinders at Nonzero Temperature
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We study the finite temperature Casimir interaction between two concentric cylinders. When
the separation between the cylinders is much smaller than the radii of the cylinders, the asymp-
totic expansions of the Casimir interaction are derived. Both the low temperature and the high
temperature regions are considered. The leading terms are found to agree with the proximity force
approximations. The low temperature leading term of the temperature correction is also computed
and it is found to be independent of the boundary conditions imposed on the larger cylinder.
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I. INTRODUCTION
In recent years, there is an intensive interest in study-
ing the Casimir interactions between two objects due to
the success in experimental verification of the Casimir ef-
fect [1–7] and the advent in the field theoretical method
for computing the Casimir interactions [8–21]. The
Casimir interactions between spheres, between cylinders,
between a plane and a sphere and between a plane and a
cylinder, have been extensively studied. However, most
of the studies only considered the zero temperature inter-
actions. Nevertheless, the finite temperature corrections
have started to gain more attention recently [22–27]. In
this letter, we study the finite temperature Casimir in-
teraction between two concentric cylinders.
The zero temperature Casimir interaction between
two concentric cylinders has been considered in [28–
33]. Here we consider the finite temperature correc-
tion. Of particular interest is the asymptotic behav-
iors of the Casimir interaction when the separation be-
tween the spheres is small. In [31], the asymptotic
behavior at zero temperature has been obtained for
two concentric perfectly conducting cylinders. Here we
would consider both scalar fields and electromagnetic
fields with different combinations of boundary condi-
tions, which include Dirichlet-Dirichlet (DD), Neumann-
Neumann (NN), Dirichlet-Neumann (DN – Dirichlet on
the smaller cylinder and Neumann on the larger cylin-
der) and Neumann-Dirichlet (ND) for scalar fields; and
perfectly conducting - perfectly conducting (PC-PC) and
perfectly conducting - infinitely permeable (PC-IP) for
electromagnetic fields. In fact, for cylinders, the results
for electromagnetic fields can be easily derived from the
results for scalar fields.
Consider two concentric cylinders with radii a1 < a2
(see Fig. 1). Let d = a2 − a1 be the separation be-
tween the cylinders. At zero temperature, the Casimir
interaction energy between the two cylinders is given by
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FIG. 1: Two concentric cylinders with radius a1 < a2.
[30–33]:
ET=0Cas =
L
2π2
∞∑
n=−∞
∫ ∞
0
∫ ∞
0
ln
(
1−Mn
(√
ξ2 + k2
))
dξdk
=
L
2π
∞∑
n=0
′
∫ ∞
0
ξ ln (1−Mn(ξ)) dξ,
(1)
where L is the length of the cylinders and
Mn(ξ) =
Z 1n (ξ)
Z 2n (ξ)
,
with
Z
i
n(ξ) =
In(aiξ)
Kn(aiξ)
or Z in(ξ) =
I ′n(aiξ)
K ′n(aiξ)
depending on whether Dirichlet or Neumann condition is
imposed on the cylinder with radius ai. Here In(z) and
Kn(z) are modified Bessel functions.
Using Matsubara representation, the finite tempera-
ture Casimir free energy is given by
ECas =
TL
π
∞∑
n=−∞
∞∑
l=0
′
∫ ∞
0
ln
(
1−Mn
(√
ξ2l + k
2
))
dk
(2)
2=
2TL
π
∞∑
n=0
′
∞∑
l=0
′
∫ ∞
ξl
ξ√
ξ2 − ξ2l
ln (1−Mn(ξ)) dξ,
where ξl = 2πlT are the Matsubara frequencies. Using
Poisson resummation formula, (2) can be rewritten as
ECas = E
T=0
Cas +
L
π
∞∑
n=0
′
∞∑
l=1
∫ ∞
0
ξJ0
(
lξ
T
)
ln (1−Mn(ξ)) dξ,
(3)
where Jn(z) is the Bessel function of first kind. Eq. (2) is
the so-called high temperature expansion of the Casimir
free energy and (3) is the so-called low temperature ex-
pansion. The latter shows manifestly the thermal correc-
tion to the Casimir free energy, which is given by
∆TECas =
L
π
∞∑
n=0
′
∞∑
l=1
∫ ∞
0
ξJ0
(
lξ
T
)
ln (1−Mn(ξ)) dξ.
(4)
For electromagnetic field with perfectly conducting (or
infinitely permeable) condition on both cylinders, the
Casimir free energy is the sum of the Casimir free ener-
gies for DD and NN boundary conditions. If one cylinder
is perfectly conducting and one is infinitely permeable,
then the Casimir free energy is the sum of the Casimir
free energies for DN and ND boundary conditions.
In the following, we derive the asymptotic expansions
of the Casimir free energy when the separation between
the cylinders is small compared to the radii of the cylin-
ders. We consider the low temperature region where
dT ≪ a2T ≪ 1 and the high temperature region where
1 ≪ dT ≪ a2T . In the low temperature region, the
dominating term of the Casimir free energy is the zero
temperature term (1), whereas in the high temperature
region, the dominating term is the classical term:
EclCas =
TL
π
∞∑
n=0
′
∫ ∞
0
ln (1−Mn(ξ)) dξ, (5)
whose Matsubara frequency is zero. Define the dimen-
sionless parameter
ε =
a2 − a1
a1
=
d
a1
.
Making a change of variables ω = a1ξ in (1) and (5), we
have respectively
ET=0Cas =
L
2πa21
∞∑
n=0
′
∫ ∞
0
ω ln (1−An(ω)) dω,
EclCas =
TL
πa1
∞∑
n=0
′
∫ ∞
0
ln (1−An(ω)) dω,
(6)
where
An(ω) =
H 1n (ω)
H 2n (ω(1 + ε))
,
H
i
n (ω) =
In(ω)
Kn(ω)
or H in (ω) =
I ′n(ω)
K ′n(ω)
depending on whether Dirichler or Neumann condition
is imposed on the cylinder with radius ai. To unify the
treatment for the zero temperature Casimir energy and
the classical term of the Casimir free energy, define
Eχ =
∞∑
n=0
′
∫ ∞
0
ωχ ln (1−An(ω)) dω, (7)
where χ = 0 or 1. Separating the terms with n = 0
and the terms with n ≥ 1, we have Eχ = Eχ,0 + Eχ,r.
Expanding the logarithm gives
Eχ,0 =− 1
2
∞∑
s=1
1
s
∫ ∞
0
ωχA0(ω)
sdω,
Eχ,r =−
∞∑
n=1
nχ+1
∞∑
s=1
1
s
∫ ∞
0
ωχAn(nω)
sdω.
(8)
For the term with n = 0, we need to use asymptotic
expansions of I0(z) and K0(z) when z →∞, which give
I0(ω)
K0(ω)
∼ 1
π
exp (2ω + . . .) ,
I ′0(ω)
K ′0(ω)
∼− 1
π
exp (2ω + . . .) .
For the term with n 6= 0, Debye asymptotic expansions
for Bessel functions [34] show that
In(nω)
Kn(nω)
=
1
π
exp
(
2nη(ω) +
2D1(t(ω))
n
+ . . .
)
,
I ′n(nω)
K ′n(nω)
= − 1
π
exp
(
2nη(ω) +
2M1(t(ω))
n
+ . . .
)
,
where
η(z) =
√
1 + z2 + log
z
1 +
√
1 + z2
, t(z) =
1√
1 + z2
,
D1(t) =
t
8
− 5t
3
24
, M1(t) = −3t
8
+
7t3
24
.
In the following, we consider the case of homogeneous
boundary conditions (DD or NN) and mixed boundary
conditions (DN or ND) separately.
For homogeneous boundary conditions,
A0(ω) ∼ exp (−2εω + . . .) .
Therefore,
Eχ,0 ∼− 1
2
∞∑
s=1
1
s
∫ ∞
0
ωχ exp (−2sεω)dω
=


− π
2
24ε
+ o(1), χ = 0
− ζR(3)
8ε2
+ o(ε−1), χ = 1
.
(9)
3On the other hand,
An(nω) ∼ exp
(
−2n [η([1 + ε]ω)− η(ω)]
− 2P1(t([1 + ε]ω))− P1(t(ω))
n
)
,
where
P1(t) = λ0t+ λ1t
3 =
{
D1(t), for DD b.c.
M1(t), for NN b.c.
.
Applying the inverse Mellin transform formula
e−v =
1
2πi
∫ c+i∞
c−i∞
Γ(z)v−zdz (10)
gives
Eχ,r =−
∞∑
n=1
nχ+1
1
2πi
∫ c+i∞
c−i∞
Γ(z)ζR(z + 1)2
−zn−z
×
∫ ∞
0
ωχ (η([1 + ε]ω)− η(ω))−z
×
(
1 +
1
n2
P1(t([1 + ε]ω))− P1(t(ω))
η([1 + ε]ω)− η(ω)
)−z
dωdz
=− 1
2πi
∫ c+i∞
c−i∞
Γ(z)ζR(z + 1)2
−zε−z
×
(
ζR(z − χ− 1)Aχ(z)− zζR(z − χ+ 1)Bχ(z)
)
dz,
(11)
where
Aχ(z) =
∫ ∞
0
ωχ−zη′(ω)−z
(
1− z εω
2
η′′(ω)
η′(ω)
+ε2
[
−zω
2
6
η′′′(ω)
η′(ω)
+
z(z + 1)ω2
8
η′′(ω)2
η′(ω)2
])
dω,
Bχ(z) =
∫ ∞
0
ωχ−zη′(ω)−z
P ′1(t(ω))
η′(ω)
t′(ω)dω.
Straightforward computations give
Aχ(z) =
Γ
(
χ+1
2
)
2
Γ
(
z−χ−1
2
)
Γ
(
z
2
)
{
1 + ε
z − χ− 1
2
+ ε2
(z − χ− 1)(3z2 − 2z − 17− 7χ− 3χz)
24(z + 2)
}
,
Bχ(z) =
Γ
(
χ+1
2
)
2
Γ
(
z−χ+1
2
)
Γ
(
z+2
2
)
{
−λ0 + (λ0 − 3λ1)z − χ+ 1
z + 2
+ 3λ1
(z − χ+ 1) (z − χ+ 3)
(z + 2)(z + 4)
}
.
Therefore,
E0,r =− π
8ε2
ζR(3)
(
1 +
ε
2
)
+
π2
24ε
+
π
16
(4λ0 + 3λ1) ln ε+O(1),
E1,r =− π
4
360ε3
(
1 +
ε
2
− ε
2
10
)
+
ζR(3)
8ε2
− π
2
6ε
(
λ0
3
+
λ1
5
)
+ o(ε−1).
Combining with (14), we find that
E0 =− π
8ε2
ζR(3)
(
1 +
ε
2
−
[
2λ0 +
3
2
λ1
]
ε2 ln ε+O(ε2)
)
,
E1 =− π
4
360ε3
(
1 +
ε
2
− ε
2
10
+
ε2
π2
[20λ0 + 12λ1] + o(ε
2)
)
.
From these, we find that the asymptotic expansions of
the zero temperature Casimir energies for DD and NN
boundary conditions are given respectively by
EDD,T=0Cas ∼−
π3L
720a21ε
3
(
1 +
ε
2
− ε
2
10
+ o(ε2)
)
,
ENN,T=0Cas ∼−
π3L
720a21ε
3
(
1 +
ε
2
− ε2
[
1
10
+
4
π2
]
+ o(ε2)
)
.
(12)
The leading term
− π
3L
720a21ε
3
= − π
2
1440d3
× 2πa1L
is what one would expect from the proximity force ap-
proximation. For the high temperature asymptotic be-
havior of the Casimir free energies, we have
EDD,clCas ∼−
LT
8a1ε2
ζR(3)
(
1 +
ε
2
+
1
16
ε2 ln ε+O(ε2)
)
,
ENN,clCas ∼−
LT
8a1ε2
ζR(3)
(
1 +
ε
2
+
5
16
ε2 ln ε+O(ε2)
)
.
(13)
Again, the leading term
− LT
8a1ε2
ζR(3) = − T
16πd2
× 2πa1L
agrees with the proximity force approximation.
For electromagnetic field with perfect conductor con-
dition on both the cylinders, we find that the asymptotic
expansion of the zero temperature Casimir energy is
EPC-PC,T=0Cas ∼−
π3L
360a21ε
3
(
1 +
ε
2
− ε2
[
1
10
+
2
π2
]
+ o(ε2)
)
.
This agrees with the result obtained in [31]. On the other
hand, the high temperature asymptotic expansion is
EPC-PC,clCas ∼ −
LT
4a1ε2
ζR(3)
(
1 +
ε
2
+
3
16
ε2 ln ε+O(ε2)
)
.
4For mixed boundary conditions,
A0(ω) ∼ − exp (−2εω + . . .) .
Therefore,
Eχ,0 ∼− 1
2
∞∑
s=1
(−1)s
s
∫ ∞
0
ωχ exp (−2sεω)dω
=


π2
48ε
+ o(1), χ = 0
3ζR(3)
32ε2
+ o(ε−1), χ = 1
.
(14)
On the other hand,
An(nω) ∼− exp (−2n [η([1 + ε]ω)− η(ω)]
−2Q1(t([1 + ε]ω))− P1(t(ω))
n
)
,
where
(
P1(t)
Q1(t)
)
=
(
λ0t+ λ1t
3
̟0t+̟1t
3
)
=


(
D1(t)
M1(t)
)
, for DN b.c.(
M1(t)
D1(t)
)
, for ND b.c.
.
Applying the inverse Mellin transform formula (10) gives
Eχ,r = 1
2πi
∫ c+i∞
c−i∞
Γ(z)(1− 2−z)ζR(z + 1)2−zε−z
×
(
ζR(z − χ− 1)Aχ(z)− zζR(z − χ+ 1)Cχ(z)
+
z(z + 1)
2ε2
ζR(z − χ+ 3)Gχ(z)
)
dz,
(15)
where Aχ(z) is as before,
Cχ(z) =
∫ ∞
0
ωχ−zη′(ω)
[
Q′1(t(ω))t
′(ω)
η′(ω)
− (z + 1)Q1(t(ω))− P1(t(ω))
2
η′′(ω)
η′(ω)2
+
1
ε
Q1(t(ω))− P1(t(ω))
ωη′(ω)
]
dω,
=
Γ
(
χ+1
2
)
2
Γ
(
z−χ+1
2
)
Γ
(
z+2
2
)
×
(
−̟0 +
(
̟0 − 3̟1 + z + 1
2
κ0
)
z − χ+ 1
z + 2
+
(
3̟1 +
z + 1
2
κ1
)
(z − χ+ 1)(z − χ+ 3)
(z + 2)(z + 4)
+
1
ε
[
κ0 + κ1
z − χ+ 1
z + 2
])
,
Gχ(z) =
∫ ∞
0
ωχ−z−2η′(ω)−z−2 (Q1(t(ω)) − P1(t(ω)))2 dω
=
Γ
(
χ+1
2
)
2
Γ
(
z−χ+3
2
)
Γ
(
z+4
2
) (κ20 + 2κ0κ1 z − χ+ 3z + 4
+κ21
(z − χ+ 3)(z − χ+ 5)
(z + 4)(z + 6)
)
.
Here κi = ̟i − λi. Therefore,
E0,r = 3π
32ε2
ζR(3)
(
1 +
ε
2
)
− π
2
48ε
− π
4ε
(2κ0 + κ1) ln 2
− ln ε
(
κ0
2
+
π
4
[
κ20 + κ0κ1 +
3
8
κ21
])
+O(1),
E1,r = 7π
4
2880ε3
(
1 +
ε
2
− ε
2
10
)
− π
2
72ε2
(3κ0 + κ1)
− 3ζR(3)
32ε2
+
π2
24ε
(
2̟0 − κ0
3
+
2̟1 − κ1
5
)
+
ln 2
2ε
κ0 +
1
2ε
(
κ20 +
2
3
κ0κ1 +
1
5
κ21
)
+ o(ε−1).
From these, we find that the asymptotic behaviors of
the zero temperature Casimir energies for DN and ND
boundary conditions are given respectively by
EDN,T=0Cas ∼
7π3L
5760a21ε
3
(
1 + ε
[
1
2
+
40
7π2
]
+ε2
[
− 1
10
− 8
7π2
− 720
7π4
ln 2 +
192
7π4
]
+ o(ε2)
)
,
END,T=0Cas ∼
7π3L
5760a21ε
3
(
1 + ε
[
1
2
− 40
7π2
]
+ε2
[
− 1
10
− 8
7π2
+
720
7π4
ln 2 +
192
7π4
]
+ o(ε2)
)
.
(16)
The leading term
7π3L
5760a21ε
3
=
7π2
11520d3
× 2πa1L
agrees with the proximity force approximation. For the
high temperature asymptotic behaviors of the Casimir
free energies, we have
EDN,clCas ∼
3LT
32a1ε2
ζR(3)
(
1 + ε
[
1
2
+
4
3ζR(3)
ln 2
]
+
[
8
3πζR(3)
− 1
4ζR(3)
]
ε2 ln ε+O(ε2)
)
,
END,clCas ∼
3LT
32a1ε2
ζR(3)
(
1 + ε
[
1
2
− 4
3ζR(3)
ln 2
]
−
[
8
3πζR(3)
+
1
4ζR(3)
]
ε2 ln ε+O(ε2)
)
.
(17)
Again, the leading term
3LT
32a1ε2
ζR(3) =
3T
64πd2
× 2πa1L
5agrees with the proximity force approximation.
For electromagnetic field with perfect conductor con-
dition on one cylinder and infinitely permeable condition
on the other cylinder, we find that the asymptotic ex-
pansion of the zero temperature Casimir energy is
EPC-IP,T=0Cas ∼
7π3L
2880a21ε
3
(
1 +
ε
2
+ε2
[
− 1
10
− 8
7π2
+
192
7π4
]
+ o(ε2)
)
;
(18)
whereas the high temperature asymptotic behavior of the
Casimir free energy is
EPC-IP,clCas ∼
3LT
16a1ε2
ζR(3)
(
1 +
ε
2
− 1
4ζR(3)
ε2 ln ε+O(ε2)
)
.
(19)
From the results above, we see that the leading terms
always agree with the proximity force approximations.
The correction terms are more complicated in the case of
mixed boundary conditions, where the force is repulsive.
As we mentioned above, in the low temperature re-
gion, the Casimir free energy is dominated by the zero
temperature term. However, it would be interesting to
determine the order of magnitude of the temperature cor-
rection. For this, the Abel-Plana summation formula can
be used to show that the temperature correction can be
written as
∆TECas =
L
π2
∞∑
n=0
′
∫ ∞
0
∫ ∞
0
ξdξ√
ξ2 + k2
× i
[
ln(1−Mn(iξ))− ln(1−Mn(−iξ))
]
e
√
ξ2+k2
T − 1
dk
+ exponentially decaying terms.
(20)
From this, we see that in the low temperature region, the
leading terms of the temperature correction come from
the term
L
π2a21
∞∑
n=0
′
∫ ∞
0
∫ ∞
0
iSn(ω)
1
e
√
ω2+k2
a1T − 1
ωdω√
ω2 + k2
dk,
(21)
where
Sn(ω) = ln(1 −An(iω))− ln(1−An(−iω)).
Using
In(iz) = i
nJn(z), Kn(iz) = − iπ
2
i−nH(2)n (z),
In(−iz) = i−nJn(z), Kn(−iz) = iπ
2
inH(1)n (z),
one can show that for DD or DN boundary conditions,
Sn(ω) = ln
(
1− i Jn(ω)
Nn(ω)
)
− ln
(
1 + i
Jn(ω)
Nn(ω)
)
;
whereas for ND or NN boundary conditions,
Sn(ω) = ln
(
1− i J
′
n(ω)
N ′n(ω)
)
− ln
(
1 + i
J ′n(ω)
N ′n(ω)
)
.
From here, we see that in the low temperature region,
the leading terms of the temperature correction do not
depend on the boundary condition on the larger cylinder.
As ω → 0,
Jn(ω)
Nn(ω)
= O(ω2n),
J ′n(ω)
N ′n(ω)
= O(ω2n), n ≥ 1;
and
J0(ω)
N0(ω)
∼
π
(
1− ω24
)
+ . . .
2 ln ω2
(
1− ω24
)− 2ψ(1) + . . . ∼ π2 lnω + . . . ,
J ′0(ω)
N ′0(ω)
∼− π
4
ω2 + . . . ,
J ′1(ω)
N ′1(ω)
∼ π
4
ω2 + . . . .
From these, we find that if the smaller cylinder is Dirich-
let, the leading contribution to the thermal correction
comes from the term with n = 0, which gives
∆TECas ∼ L
πa21
∫ ∞
0
∫ ∞
0
1
lnω
1
e
√
ω2+k2
a1T − 1
ωdkdω√
ω2 + k2
=
TL
πa1
∫ ∞
0
∫ ∞
ω
a1T
1
lnω
1
eu − 1
ωdudω√
(a1Tu)2 − ω2
=
T 2L
π ln(a1T )
∫ ∞
0
u
eu − 1
∫ 1
0
ω√
1− ω2dωdu
=
πT 2L
6 ln(a1T )
.
(22)
This is of order T 2/ lnT . On the other hand, if the
smaller cylinder is Neumann, then the leading contribu-
tion to the thermal correction comes from the term with
n = 0 and n = 1, which give
∆TECas ∼ L
4πa21
∫ ∞
0
∫ ∞
0
ω2
e
√
ω2+k2
aT − 1
ωdkdω√
ω2 + k2
=
L
4πa21
∫ ∞
0
∫ ∞
ω
ω2
e
u
aT − 1
du√
u2 − ω2ωdω
=
L
4πa21
∫ ∞
0
1
e
u
aT − 1
∫ u
0
ω3√
u2 − ω2 dωdu
=
π3LT
90
a21T
4.
(23)
This is of order T 4. Therefore, for electromagnetic cylin-
ders with either perfectly conducting or infinitely perme-
able conditions, the leading term of the thermal correc-
tion is given by (22).
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